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Abstract
We construct exact solutions of the Einstein–Maxwell field equations in five dimensions, which describe
general configurations of charged and static black holes sitting on a Kaluza–Klein bubble. More specifically
we discuss the configurations describing two black holes sitting on a Kaluza–Klein bubble and also the
general charged static black Saturn balanced by a Kaluza–Klein bubble. A straightforward extension of
the solution-generating technique leads to a new solution describing the charged static black Saturn on
the Taub-bolt instanton. We compute the conserved charges and investigate some of the thermodynamic
properties of these systems.
© 2013 Elsevier B.V. All rights reserved.
1. Introduction
In general, bubbles of nothing are smooth time-dependent vacuum solutions of Einstein’s field
equations. Their defining feature is that they have a minimal area surface, with no space inside.
The first example was provided by Witten as the end state of the decay of the Kaluza–Klein
vacuum. More precisely, in the original Kaluza–Klein (KK) theory in five dimensions the vac-
uum state is not the five-dimensional Minkowski space, instead it is M4 × S1, the product of
the four-dimensional Minkowski space with a KK circle S1. Witten showed that the KK vac-
uum can be non-perturbatively unstable against decay to a time-dependent KK bubble [1]. By
performing an analytical continuation of the five-dimensional Schwarzschild black hole, Witten
obtained a Euclidean instanton which describes at time zero the nucleation of a minimal area S2
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spective this S2 bubble has no interior, hence the name “bubble of nothing”. Once it forms, the
bubble rapidly expands to null infinity, “eating up” the space–time in the process. Fortunately,
the production of KK bubbles is only allowed if one imposes anti-periodic boundary conditions
for fermions around the KK circle. As such, the decay of the KK vacuum is forbidden in a
theory with elementary fermions and when one imposes supersymmetric boundary conditions.
More general time-dependent KK bubbles obtained by double analytical continuations of the
Kerr solution have been studied in [2]. A similar decay process in which a certain orbifold in
Anti-de Sitter space–time decays to a bubble of nothing was found to exist by Balasubramanian
et al. in [3]. Bubbles of nothing obtained by double analytical continuations from general NUT-
charged spaces have been studied in [4,5]. By using a cleverly chosen ansatz, Copsey was able
to show the existence of bubbles of nothing in asymptotically flat spaces in [6] and later gener-
alized them in Anti-de Sitter context in [7]. Locally these bubbles look like KK bubbles, having
a minimal area sphere S2 where a circle pinches off, however, they are asymptotically globally
flat/Anti-de Sitter.
More recently, there has been renewed interest in bubbles of nothing since it was pointed
out by Horowitz that they can provide new endpoints for the Hawking evaporation of charged
black strings [8]. For example, in the presence of a charged black string the KK compactification
radius of the S1 circle varies with the radial coordinate. For certain values of the string charges,
this radius can be made to vary arbitrarily slowly and it can reach the string scale near and outside
the black string horizon. In this region, a tachyon will appear which will cause the KK circle to
pinch off and form a KK bubble of nothing. Unlike Witten’s bubble, the bubbles of nothing
formed in the presence of the black string can carry charges and moreover, in certain conditions
they cannot be static, instead they have to expand to infinity. Bubbles carrying magnetic charges
have been discussed in [9] where it was found that the addition of a topological magnetic charge
can locally stabilize the KK vacuum.
While the KK bubbles of nothing that describe the non-perturbative decay of the KK vacuum
are highly dynamical, there are also known solutions which describe static KK bubbles. For
example, a static KK bubble in five dimensions can be easily obtained by taking the product of
the four-dimensional Euclidean Schwarzschild solution with a trivial time direction. Since the
Euclidean Schwarzschild solution is an example of an asymptotically flat gravitational instanton
in four dimensions, then the five-dimensional solutions that describe black holes on static KK
bubble backgrounds fall into the class of solutions recently introduced by Chen and Teo in [10].
More generally, they correspond to the so-called black holes on gravitational instantons since in
absence of black holes the background geometry is a direct product of a trivial time direction with
a four-dimensional Ricci flat instanton with U(1) × U(1) symmetry [13]. The construction and
physical interpretation of such solutions has been greatly facilitated by the use of the generalized
Weyl formalism introduced in [11,12]. For example, in four dimensions a solution describing two
colliding KK bubbles has been studied in [14]. The first solution describing a single black hole
on a KK bubble was analyzed in [11] and subsequently generalized to the case of two black holes
on a KK bubble in [15]. Sequences of static black holes on KK bubbles have been considered in
[16,17]. One of the most surprising results of these studies was that, for instance, two large black
holes can be held in static equilibrium by a single KK bubble, even if the separation distance
between the black holes is very small compared to their size. This means that one can construct
multi-black holes on KK bubble space–times that do not have conical singularities, that is, the
black holes are kept in static equilibrium. One can of course add rotation to these systems and
describe rotating black holes on KK bubbles. For example, a rotating black ring on a KK bubble
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found by Emparan and Reall [19]. Rotating generalizations of the solution describing two black
holes on a KK bubble have been constructed in [20,21]. Charged generalizations of these vacuum
solutions to describe charged black holes on KK bubbles have been studied in [22–24].
The aim of this paper is to further extend and study the class of solutions describing charged
black holes on KK bubbles. In the first part of this article we shall construct two general solutions
which describe two charged black holes/rings on a KK bubble. The first solution is a general-
ization of the electrically charged double-black hole constructed in [22]. More precisely, for the
solution derived in [22] the charges and masses of the two black holes cannot take independent
values, since, as an artifact of the particular solution-generating technique used to generate them,
the mass to charge ratios take the same value for each black hole in that system. By contrast, in
our solution-generating technique the final solution is described by five independent parameters,
corresponding to the values of the masses and charges of the black holes and the separating dis-
tance between them (equivalently, the rod length of the KK bubble in between the black holes).
The second solution that we discuss is a KK analog of the black Saturn constructed by Elvang
and Figueras in [25]. The ring of the Saturn is now placed on two KK bubbles while the black
hole is placed at the other end of one of the bubbles. The vacuum version of the black Saturn on
the KK bubbles is included in the class of solutions studied in [16] and, in our case, it is simply
obtained by setting the electric charges equal to zero. In the generalized Weyl formalism, when
discussing the rod structure of a given solution, one can interpret a finite rod along a spacelike
direction as representing a KK bubble. This is why black holes on the Schwarzschild instanton
correspond to black holes on KK bubbles. Such finite spacelike rods also appear in the rod struc-
tures of the Euclidean Kerr and the Taub-bolt instanton [13] and, in this sense, one could interpret
black holes on these instantons as corresponding to black holes on generalized KK bubbles, with
different asymptotic structures. For example, a black hole on the Euclidean Kerr instanton has
been derived in [10]. Black holes on the Taub-bolt instanton have been studied in [10,26,27,31].
Based on these considerations, in the second part of this paper we derive a more general solution
that describes a black Saturn on the Taub-bolt instanton in five dimensions. Most of the ingre-
dients used to construct this solution have been already computed in the derivation of the black
Saturn on the KK bubbles and it will be easy to see that for certain values of the parameters the
black Saturn on the KK bubbles can be obtained as a particular case.
The structure of our paper is as follows: in the next section we describe the solution-generating
technique and introduce the seed solution from four dimensions. In Section 3 we construct two
new solutions: the charged double-black holes on a KK bubble and also the general charged
black Saturn on KK bubbles. In Section 4 we derive the charged black Saturn solution on the
Taub-bolt instanton. Finally, in Section 5 we compute the conserved quantities and investigate
some thermodynamic properties of these solutions. The final section is dedicated to conclusions.
2. The solution-generating technique
The main idea of the solution-generating technique that we shall put to use is to map a general
static electrically charged axisymmetric solution of Einstein–Maxwell theory in four dimensions
to a five-dimensional static electrically charged axisymmetric solution of the Einstein–Maxwell-
Dilaton (EMD) theory with arbitrary coupling of the dilaton to the electromagnetic field. To this
end one performs a dimensional reduction of both theories down to three dimensions and, after
a mapping of the corresponding scalar fields and electromagnetic potentials of each theory, one
is able to bypass the actual solving of the field equations by algebraically mapping solutions of
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to construct multi-black hole systems in five-dimensional asymptotically flat backgrounds. How-
ever, for simplicity, in what follows we shall focus only on the Einstein–Maxwell theory and,
therefore, we set to zero the coupling of the dilaton field to the Maxwell field and further set the
dilaton field to zero.
To obtain general charged and static configurations of double-black holes on KK bubbles, we
shall make use of the four-dimensional double Reissner–Nordström solution in the parametriza-
tion given recently by Manko in [34] with metric
ds2 = −f˜ dt2 + f˜ −1[e2μ˜(dρ2 + dz2)+ ρ2 dϕ2],
f˜ = A˜
2 − B˜2 + C˜2
(A˜ + B˜)2 , e
2μ˜ = A˜
2 − B˜2 + C˜2
16σ 21 σ
2
2 (ν + 2k)2r1r2r3r4
, (1)
and electromagnetic field
F˜ = dΨ ∧ dt, Ψ = − 2C˜
A˜ + B˜ . (2)
We have used the following notations
A˜ = σ1σ2
[
ν(r1 + r2)(r3 + r4) + 4k(r1r2 + r3r4)
]− (μ2ν − 2k2)(r1 − r2)(r3 − r4),
B˜ = 2σ1σ2
[
(νM1 + 2kM2)(r1 + r2) + (νM2 + 2kM1)(r3 + r4)
]
− 2σ1
[
νμ(Q2 + μ) + 2k
(
RM2 + μQ1 − μ2
)]
(r1 − r2)
− 2σ2
[
νμ(Q1 − μ) − 2k
(
RM1 − μQ2 − μ2
)]
(r3 − r4),
C˜ = 2σ1σ2
{[
ν(Q1 − μ) + 2k(Q2 + μ)
]
(r1 + r2) +
[
ν(Q2 + μ) + 2k(Q1 − μ)
]
(r3 + r4)
}
− 2σ1
[
μνM2 + 2k(μM1 + RQ2 + μR)
]
(r1 − r2)
− 2σ2
[
μνM1 + 2k(μM2 − RQ1 + μR)
]
(r3 − r4), (3)
where the solution parameters are given by
ν = R2 − σ 21 − σ 22 + 2μ2, k = M1M2 − (Q1 − μ)(Q2 + μ),
σ 21 = M21 − Q21 + 2μQ1, σ 22 = M22 − Q22 − 2μQ2, μ =
M2Q1 − M1Q2
M1 + M2 + R , (4)
and ri =
√
ρ2 + (z − ai)2, i = 1, . . . ,4. The parameters ai correspond to the turning points in
the rod structure of the seed solution, and they take the values
a1 = R2 + σ2, a2 =
R
2
− σ2, a3 = −R2 + σ1, a4 = −
R
2
− σ1. (5)
It is assumed that R > 0, σi > 0, and the following order is satisfied a4 < a3 < a2 < a1. The
solution is parameterized by five independent parameters, and they can be chosen as the intrinsic
masses of the two Reissner–Nordström black holes M1,2, their local charges Q1,2 and the dis-
tance R separating them. For a detailed discussion of its properties we refer the reader to [34,35]
and the references therein. Note that, in general, the function e2μ˜ can be determined up to a
constant and its precise numerical value has been fixed here by allowing the presence of conical
singularities only in the portion in between the black holes along the ϕ axis. Consequently one
has:
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ρ=0 =
(
ν − 2k
ν + 2k
)2
, (6)
for −R/2 + σ1 < z < R/2 − σ2 and e2μ˜|ρ=0 = 1 elsewhere.
In what follows we assume that all the functions involved in our solutions depend only on
the canonical coordinates ρ and z. The final solution of the Einstein–Maxwell system in five
dimensions with the Lagrangian
L5 = √−g
[
R − 1
4
F 2(2)
]
(7)
where F(2) = dA(1)t ∧ dt , can be written as:
ds2 = −f˜ dt2 + F dχ2 + 1
G
[
e2Γ
(
dρ2 + dz2)+ ρ2 dϕ2], A(1)t =
√
3
2
Ψ, (8)
where we defined the following functions:
F = f˜ − 12 e2h, G = f˜ 12 e2h, e2Γ = e 3μ˜2 +2γ . (9)
The coordinate t parameterizes the asymptotically timelike Killing field, and the periodic coor-
dinates ϕ and χ correspond to the spacelike Killing fields. Since in this paper we are interested
in solutions with Kaluza–Klein asymptotics, we assume hereafter that the coordinate χ parame-
terizes the KK circle at infinity. The function h appearing in the solution is an arbitrary harmonic
function,1 which can be chosen at will. Note that the presence of h allows us to modify the rod
structure of the final solution along the χ and ϕ directions. Indeed, by carefully choosing the
form of h, one can construct the appropriate rod structures to describe the desired configurations
involving black holes sitting on KK bubbles. Finally, once the form of h has been specified for a
particular solution, the remaining function γ can be obtained by simple quadratures by using the
equations:
∂ργ = ρ
[
(∂ρh)
2 − (∂zh)2
]
, ∂zγ = 2ρ(∂ρh)(∂zh). (10)
3. Black holes on a Kaluza–Klein bubble
In this section we construct two new solutions describing charged black holes on KK bubbles.
The first solution is the most general static solution involving two charged black holes on a
KK bubble, while the second solution will correspond to the charged static black Saturn on KK
bubbles.
3.1. Charged double-black holes on a KK bubble
The rod structure of a system of two black holes on a KK bubble is depicted in Fig. 1. We
should construct the harmonic function h in such a way that the metric (8) describes a solution
possessing two horizons with spherical topology separated by a KK bubble. One possible form
is
e2h =
√
(r1 + ζ1)(r2 + ζ2)√
(r3 + ζ3)(r4 + ζ4) , (11)
1 That is, it satisfies the equation ∇2h = ∂2h2 + 1 ∂h + ∂
2h
2 = 0.∂ρ ρ ∂ρ ∂z
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where ζi = z − ai . Then, if we integrate Eq. (10) we obtain the remaining metric function
e2γ = 2
K0
(
Y13Y14Y23Y24
r1r2r3r4Y12Y34
) 1
4
, (12)
where we use the notation Yij = rirj +ζiζj +ρ2, and K0 is an integration constant. We can show
that the constructed solution (8) with these explicit metric functions is characterized by the rod
structure depicted in Fig. 1.
Following the procedure given in [12,13], one deduces that the rod structure contains four
turning points that divide the z axis into five rods. They can be described in the following way,
specifying the rod direction vectors with respect to a basis of Killing fields { ∂
∂t
, ∂
∂χ
, ∂
∂φ
}, and
normalizing them to the surface gravity of each fixed point set:
• Rod 1 — For z < a4 one has a semi-infinite spacelike rod with normalized direction
l1 =
√
2
√
2
K0
(0,0,1). (13)
• Rod 2 — For a4 < z < a3 one has a finite timelike rod that corresponds to a black hole
horizon with S3 topology. Its normalized rod direction is given by l2 = 1kH1 (1,0,0), where
kH1 =
√
K0
2
√
2
p1
[(
ρf˜−1eμ˜
)∣∣
H1
]− 34 (14)
is the surface gravity on the black hole horizon represented by this rod.
• Rod 3 — For a3 < z < a2 one has a finite spacelike rod with normalized direction l3 =
1
kB
(0,1,0), where
kB = 12
√
K0
2
√
2
∣∣∣∣ν + 2kν − 2k
∣∣∣∣
3
4 [(
(R + σ2)2 − σ 21
)(
(R − σ2)2 − σ 21
)]− 14 . (15)
It corresponds to a KK bubble with surface gravity kB .
• Rod 4 — For a2 < z < a1 one has a finite timelike rod, corresponding to a second black
hole horizon with S3 topology. Its normalized rod direction is found to be l4 = 1kH2 (1,0,0),
where
kH2 =
√
K0
2
√
2
p2
[(
ρf˜−1eμ˜
)∣∣
H2
]− 34 (16)
is the surface gravity of the black hole horizon corresponding to this rod.
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l5 =
√
2
√
2
K0
(0,0,1). (17)
Here we defined the following quantities:
p1 =
(
σ1
(R + σ1)2 − σ 22
) 1
4
, p2 =
(
σ2
(R + σ2)2 − σ 21
) 1
4
, (18)
while for each black hole horizon one has [35]:
(
ρf˜−1eμ˜
)∣∣
H1
= [(R + M1 + M2)(M1 + σ1) − Q1(Q1 + Q2)]
2
σ1[(R + σ1)2 − σ 22 ]
,
(
ρf˜−1eμ˜
)∣∣
H2
= [(R + M1 + M2)(M2 + σ2) − Q2(Q1 + Q2)]
2
σ2[(R + σ2)2 − σ 21 ]
. (19)
The integration constant K0 should be equal to 2
√
2 in order for the solution to be asymptotically
Kaluza–Klein and to ensure that the periodicity of the φ coordinate is 2π . Then it is clear that
the rod structure of this solution is the one depicted in Fig. 1 as advertised. Note that kB is the
so-called surface gravity of the KK bubble as defined in [36] and, for a smooth KK bubble, its
relation to the length at infinity of the KK circle is given by:
kB = 2π
L
. (20)
This fixes the value of L to be:
L = 4π([(R + σ2)2 − σ 21 ][(R − σ2)2 − σ 21 ]) 14
∣∣∣∣ν − 2kν + 2k
∣∣∣∣
3
4
. (21)
3.2. The charged black Saturn on the KK bubbles
To construct a solution which describes a static charged black Saturn on a KK bubble one
should choose another form of the harmonic function h, which can be guessed by the rod struc-
ture of the solution. Since one of the black hole horizons should possess a ring topology, the rod
corresponding to it should be surrounded with two finite rods along the Killing field ∂/∂χ . The
other black hole horizon should be topologically S3, so it should intersect with a rod directed
along ∂/∂χ , and a rod directed along the other spacelike Killing field ∂/∂ϕ. The solution should
be asymptotically Kaluza–Klein, which further means that the two semi-infinite rods should be
directed along the Killing field ∂/∂ϕ, which is not associated with the compact dimension. All
these considerations imply that the rod structure of the static black Saturn on KK bubbles can be
described by Fig. 2. To obtain this rod structure the harmonic function h should possess the form
e2h =
√
(r1 + ζ1)(r2 + ζ2)(r4 + ζ4)
r3 + ζ3
1
r5 + ζ5 . (22)
The metric function is found afterwards by integrating (10)
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e2γ =
√
2
K0
(
Y15Y25Y45
r25Y35
) 1
2
(
Y13Y23Y34
r1r2r3r4Y12Y14Y24
) 1
4
, (23)
where K0 is an arbitrary constant. We shall show that the rod structure of the constructed solution
coincides with that depicted in Fig. 2. From the explicit form of the solution we obtain that the
parameters denoting the rod endpoints ai , i = 1, . . . ,4, coincide with the corresponding values
for the seed solution given by (5). An additional turning point is introduced at z = a5, which is
originally a free parameter. It is convenient to be chosen as a5 = −R2 − σ , where σ > σ1. The
six rods constituting the rod structure of the new solution can be described in the following way,
where the rod direction vectors are given with respect to a basis of Killing fields { ∂
∂t
, ∂
∂χ
, ∂
∂φ
},
and they are also normalized to the surface gravity of each fixed point set:
• Rod 1 — For z < a5 one has a semi-infinite spacelike rod with normalized direction
l1 =
√
2
√
2
K0
(0,0,1). (24)
• Rod 2 — For a5 < z < a4 one has a finite spacelike rod with normalized direction l2 =
1
kB1
(0,1,0), where
kB1 =
1
2
[
σ + σ1
(σ − σ1)((R + σ)2 − σ 22 )
] 1
2
. (25)
It represents a KK bubble with surface gravity kB1 .• Rod 3 — For a4 < z < a3 one has a finite timelike rod that corresponds to a black hole
horizon with ring topology (S2 × S1). It possesses a normalized direction given by l3 =
1
kH1
(1,0,0), where
kH1 =
√
K0
2
√
2
p1
[(
ρf˜−1eμ˜
)∣∣
H1
]− 34 (26)
is the surface gravity of the corresponding horizon.
• Rod 4 — For a3 < z < a2 one has a finite spacelike rod with normalized direction l4 =
1
kB2
(0,1,0), where
kB2 =
1
2
∣∣∣∣ν + 2kν − 2k
∣∣∣∣
3
4 [
(R + σ)2 − σ 22
]− 12 [ (R + σ1)2 − σ 22
(R − σ1)2 − σ 22
] 1
4
. (27)
It represents a second KK bubble with surface gravity kB .2
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horizon with S3 topology. It possesses normalized direction l5 = 1kH2 (1,0,0), where
kH2 =
√
K0
2
√
2
p2
[(
ρf˜−1eμ˜
)∣∣
H2
]− 34 (28)
is the surface gravity of the corresponding horizon.
• Rod 6 — For z > a1 one has a semi-infinite spacelike rod with normalized direction
l6 =
√
2
√
2
K0
(0,0,1). (29)
The expressions of the surface gravity for each black hole include a pair of constants pi ,
i = 1,2. They characterize the expansion of the metric function e2h−2γ near each black hole
horizon
e2h−2γ
∣∣
Hi
= (pi)2√ρ +O(ρ), (30)
and in our case they can be computed using the formulae (22) and (23) as
p1 = 1√
2
[
σ1 + σ
(R + σ)2 − σ 22
] 1
2
[
(R + σ1)2 − σ 22
σ1
] 1
4
,
p2 = (R + σ + σ2)− 12
[
σ2(R + σ2 + σ1)
R + σ2 − σ1
] 1
4
. (31)
The integration constant K0 should have the value K0 = 2
√
2 in order for the solution to
be asymptotically Kaluza–Klein. This also fixes the periodicity of the φ coordinate to be 2π .
Other parameters are further restricted by the requirement that conical singularities do not occur.
The rod structure of the solution contains two rods directed along the Killing field ∂/∂χ , which
correspond to the Kaluza–Klein bubbles. Consequently, to avoid conical singularities the periods
of the orbits of ∂/∂χ in the vicinity of the bubbles χB1 and χB2 should coincide with the
length of the compact dimension at infinity L
χB1 =
2π
kB1
= L, χB2 =
2π
kB2
= L. (32)
Considering the expressions for the surface gravities on the bubbles, we obtain that the two
equalities are compatible if the following condition is satisfied
σ − σ1
σ + σ1 =
∣∣∣∣ν − 2kν + 2k
∣∣∣∣
3
2
[
(R − σ1)2 − σ 22
(R + σ1)2 − σ 22
] 1
2
. (33)
If the rod structure of the seed solution is considered fixed, this is basically a restriction on the
length of the first bubble rod a5 < z < a4, or equivalently, on the value of the parameter σ .
Finally we should note that in the limit σ = σ1 the solution reduces to the double-black holes on
KK bubble, described in the previous section.
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As we have mentioned in the introduction, the Taub-bolt instanton is another four-dimensional
gravitational instanton that can be used as a background for black hole solutions in five dimen-
sions. For example, a solution describing a single black hole on the Taub-bolt instanton has been
derived in [10]. The black ring on the Taub-bolt instanton was constructed and studied in [27],
while a system of two charged black holes was recently studied in [26]. The Taub-bolt instanton
contains a fixed point set of the spacelike Killing field associated with the compact dimension,
which represents a regular surface with S2 topology, also called a bolt [28]. In this way it re-
sembles the KK bubble. However, the asymptotic structure of the Taub-bolt instanton is different
since it is only locally Kaluza–Klein (M4 ×S1), but globally the spatial cross-sections at infinity
represent a more general fibre bundle. The solution is characterized by a NUT charge which is
proportional to the first Chern class of the fibre bundle at infinity, and it contains the Kaluza–
Klein bubble as a limit case when the NUT charge vanishes.
The solutions representing black holes on the Taub-bolt instanton obtained so far possess one
important feature. In resemblance to the black hole and KK bubbles configurations they can be
made completely regular for certain values of the parameters, so no conical singularities occur,
and the black hole system is balanced. In this section we shall construct a more general exact
solution, which describes a charged black Saturn on the Taub-bolt instanton. We shall show that
for specific values of the parameters the static black Saturn on the Taub-bolt can be in equilibrium
as well.
The details of the solution-generating technique that we use have been previously presented
in [29] so that here we only give the final formulae. Since one wants to construct a solution
describing two charged black holes/rings in five dimensions, the starting point of the solution
generating technique is again the charged four-dimensional double-black hole solution given
in (1). Following the results in [29], one can write the final solution in the form:
ds2 = −f˜ dt2 + F
Σ
(dχ + ωdϕ)2 + Σ
G
[
e2Γ
(
dρ2 + dz2)+ ρ2 dϕ2],
A(1)t =
√
3
2
Ψ, (34)
where we defined the following functions:
F = f˜ − 12 e2h, G = f˜ 12 e2h, Σ = A2 − C2e4h,
e2Γ = e 3μ˜2 +2γ , ω = 4ACH. (35)
Note that A and C are arbitrary constants, h is again a harmonic function to be chosen at will,
while the function γ can be easily derived by integrating (10). In addition, the function H is the
so-called ‘dual’ of h and it is a solution of the following equation:
dH = ρ(∂ρhdz − ∂zhdρ). (36)
Therefore, once the harmonic function h is determined, to obtain the final solution one has to
integrate (10) and compute the dual of h. In order to have the right asymptotics at infinity, the
values of the constants A and C should be chosen such that A2 − C2 = 1.
To construct a black Saturn solution, which describes a black ring around a spherical black
hole on the Taub-bolt instanton, it turns out that one has to pick the same harmonic function that
was used to construct the black Saturn on KK bubbles. Namely, h should be given by (22), and
J. Kunz et al. / Nuclear Physics B 874 (2013) 773–791 783γ coincides with (23). The dual of h is easy to evaluate2:
H = 1
4
[
r3 + 2r5 − (r1 + r2 + r4)
]
, (37)
up to a constant term.
To prove that the final solution describes indeed a static black Saturn on the Taub-bolt in-
stanton we shall compute the rod structure of this solution. As in the case of the static black
Saturn on KK bubbles, there are five turning points such that ai , i = 1, . . . ,4, coincide with the
rod endpoints of the seed solution (5), and a5 can be chosen as a5 = −R2 − σ , where σ > σ1.
They divide the z axis into six rods which can be described in the following way, where the rod
direction vectors are given with respect to a basis of Killing fields { ∂
∂t
, ∂
∂χ
, ∂
∂φ
}, and they are also
normalized to the surface gravity of the corresponding fixed point set.
• Rod 1 — For z < a5 one has a semi-infinite spacelike rod with normalized direction
l1 =
√
2
√
2
K0
(
0,2AC(σ − σ1 + R),1
)
. (38)
• Rod 2 — For a5 < z < a4 one has a finite spacelike rod with normalized direction l2 =
1
kB1
(0,1,0), where
kB1 =
1
2A2
[
σ + σ1
(σ − σ1)((R + σ)2 − σ 22 )
] 1
2
. (39)
It corresponds to a bolt, according to the classification in [28], with surface gravity kB1 .• Rod 3 — For a4 < z < a3 one has a finite timelike rod that corresponds to a horizon with
ring topology (S2 × S1). Its normalized rod direction is given by l3 = 1kH1 (1,0,0), where
kH1 =
√
K0
2
√
2
p1
A
[(
ρf˜ −1eμ˜
)∣∣
H1
]− 34 (40)
is the surface gravity on the horizon.
• Rod 4 — For a3 < z < a2 one has a finite spacelike rod with normalized direction l4 =
1
kB2
(0,1,0), where
kB2 =
1
2A2
∣∣∣∣ν + 2kν − 2k
∣∣∣∣
3
4 [
(R + σ)2 − σ 22
]− 12 [ (R + σ1)2 − σ 22
(R − σ1)2 − σ 22
] 1
4
. (41)
It corresponds to a bolt with surface gravity kB2 .• Rod 5 — For a2 < z < a1 one has a finite timelike rod, corresponding to a second black hole
horizon with S3 topology. Its normalized direction is l5 = 1kH2 (1,0,0), where
kH2 =
√
K0
2
√
2
p2
A
[(
ρf˜ −1eμ˜
)∣∣
H2
]− 34 (42)
is the surface gravity of the black hole horizon corresponding to this rod.
2 In general, the dual of 12 ln(ri + ζi ) is − 12 (ri − ζi ), while the dual of 12 ln(ri − ζi ) is − 12 (ri + ζi ), where ri =√
ρ2 + ζ 2, ζi = z − ai and ai is a constant.i
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l6 =
√
2
√
2
K0
(
0,−2AC(σ − σ1 + R),1
)
. (43)
The expressions for the surface gravity of the black holes include two constants pi , i = 1,2.
They take part in the expansion of the metric function e2h−2γ near each black hole horizon
e2h−2γ
∣∣
Hi
= (pi)2√ρ +O(ρ), (44)
and coincide with the expressions (31) computed for the black Saturn on KK bubbles in the
previous section. The integration constant K0 should also be chosen as in the previous case
K0 = 2
√
2 to ensure that the solution is asymptotically locally Kaluza–Klein. The constants A
and C obey A2 − C2 = 1 as already mentioned in the construction of the solution.
Certain restrictions should be imposed in addition on the solution parameters to ensure that
conical and orbifold singularities do not occur. To avoid conical singularities it is necessary that
the periods of the orbits of the Killing field ∂/∂χ in the vicinity of the two bolts coincide with
the length of the compact dimension at infinity L
χB1 =
2π
kB1
= L, χB2 =
2π
kB2
= L. (45)
The two equations are satisfied simultaneously if
σ − σ1
σ + σ1 =
∣∣∣∣ν − 2kν + 2k
∣∣∣∣
3
2
[
(R − σ1)2 − σ 22
(R + σ1)2 − σ 22
] 1
2
, (46)
which coincides with the condition for absence of conical singularities for the black Saturn on
KK bubbles.
Another restriction should be imposed to avoid orbifold singularities at ρ = 0, z = a5, where
two spacelike rods intersect. The solution is free of orbifold singularities if the direction vectors
of the two spacelike rods z < a5, a5 < z < a4 with respect to a certain basic of generators of the
U(1) × U(1) isometry group are connected by a GL(2,Z) transformation [30]. It is convenient
to choose as a basis of generators the Killing fields along which the two semi-infinite rods are
directed. Then, the condition of absence of orbifold singularities results in the explicit relation
2C(σ − σ1 + R) =
√
1 + C2
[
(σ − σ1)((R + σ)2 − σ 22 )
σ + σ1
] 1
2
, (47)
which can be always satisfied by restricting the value of the constant C. For a regular solution
the direction vectors in the rod structure acquire the form
l1 = (0,2n,1), l2 = (0,4n,0), l3 = 1
kH1
(1,0,0), l4 = (0,4n,0),
l5 = 1
kH2
(1,0,0), l6 = (0,−2n,1)
where the parameter n = AC(σ − σ1 + R) is related to the NUT charge N = n/G53 of the
solution [31], and according to (45) it is further connected with the length of the compact dimen-
sion at infinity as L = 8πn. Note that the rod directions outside the black hole horizons become
3 Here G5 is the gravitational constant in five dimensions.
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the Taub-bolt instanton background. Finally, to ensure regularity of the background geometry,
the following identifications of the coordinates (χ,ϕ) have to be made [10]:
(χ,ϕ) → (χ + 4nπ,ϕ + 2π), (χ,ϕ) → (χ + 8nπ,ϕ). (48)
These conditions ensure us that there are no conical singularities along the spatial directions
parameterized by χ and φ.
It is evident from this representation that in the limit when the two horizons vanish the solution
reduces to the Taub-bolt instanton, trivially embedded in five dimensions. In the limit when
C = 0, the NUT charge vanishes, and we recover the black Saturn on the KK bubbles, which we
described in the previous section.
5. Conserved charges and thermodynamic properties
The solutions, which we obtained, are characterized by three conserved charges — the electric
charge Q, the mass MADM , and the gravitational tension T [37,38]. In general, they are encoded
in the asymptotic behavior of the metric functions and the matter fields. The mass and the tension
can be obtained by computing the generalized Komar integrals at infinity [39,24]
MADM = − L16πG5
∫
S2∞
[2iκ  dξ − iξ  dκ],
T = − 1
16πG5
∫
S2∞
[iκ  dξ − 2iξ  dκ], (49)
where ξ = ∂
∂t
is the Killing field associated with time translations, κ = ∂
∂χ
is the Killing field
corresponding to the compact dimension, and L is the length of the compact dimension at infinity.
The mass and the gravitational tension can be expressed completely in terms of the asymptotic
expansions of the metric functions gtt and gχχ . The asymptotic region of the discussed solutions
is located at the limit
√
ρ2 + z2 → ∞, and it is conveniently parameterized by the coordinates
{r, θ} connected to the canonical coordinates by the transformation
ρ = r sin θ, z = r cos θ. (50)
In general the metric functions possess the following behavior
gtt = −1 + ct
r
+O
(
1
r2
)
, gχχ = 1 + cχ
r
+O
(
1
r2
)
, (51)
in the asymptotic region r → ∞, where ct and cχ are particular constants for each solution.
Consequently, the computation of the Komar integrals (49) leads to the expressions
MADM = L4G5 (2ct − cχ ),
T = 1
4G5
(ct − 2cχ ). (52)
Calculating the asymptotic behavior of the double-black hole solution on a KK bubble we
obtain the following expressions for the mass and the gravitational tension
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[
3(M1 + M2) + R
]
, T = R
2G5
, (53)
where G5 is the gravitational constant in five dimensions. Similarly, the mass and gravitational
tension of the black Saturn on KK bubbles are given by:
MADM = L4G5
[
3(M1 + M2) + R + σ − σ1
]
, T = 1
2G5
(R + σ − σ1), (54)
and in the case of the black Saturn on the Taub-bolt instanton we obtain
MADM = L4G5
[
3(M1 + M2) +
(
1 + 2C2)(R + σ − σ1)],
T = 1
2G5
(
1 + 2C2)(R + σ − σ1). (55)
The mass and the tension can be calculated alternatively by means of the counter-term method.
A suitable counter-term is proposed in [42,43], which was originally obtained for the Kaluza–
Klein monopole [40,41], but is also relevant for other solutions with equivalent asymptotics. The
Kaluza–Klein monopole, or the Gross–Perry–Sorkin monopole, as it is also known, is actually
a Taub-NUT instanton trivially embedded in five-dimensional space–time by adding a flat time
dimension. Consequently, it possesses the same asymptotics as the black Saturn on the Taub-bolt
instanton. The asymptotic structure of the black holes on KK bubbles solutions also belongs to
the same type as it is a particular case when the fibre bundle at infinity becomes trivial.
The other conserved quantity, the electric charge, is defined by the integral
Q= 1
16πG5
∫
S∞
F(2), (56)
where F(2) is the Maxwell 2-form and the integration is performed over the boundary of the
spacelike cross-section at infinity. The integral can be expressed by a sum of two identical inte-
grals over the two black hole horizon surfaces, and can be interpreted as local charges of the two
black holes QH1 and QH2 . Consequently, the electric charge is given by
Q=QH1 +QH2 =
√
3L(Q1 + Q2)
4G5
, (57)
where Q1 and Q2 are the local charges of the two Reissner–Nordström black holes representing
the seed solution. A related characteristic is the electric potential on each black hole horizon Hi
ΦHi = −A(1)t |Hi = −
√
3
2
Ψ |Hi =
√
3
(
Mi − σi
Qi
)
, (58)
where Ψ is the electric potential for the seed solution.
A local mass of each black holeMHi can be also defined by the Komar integral (49) evaluated
over the horizon surface
MHi = −
L
8πG5
∫
Hi
iκ  dξ = L2G5 lHi . (59)
For our class of solutions it is determined by the length of the horizon rod lHi = 2σi . In a
similar way a local mass of the KK bubbles, or the bolts in the Taub-bolt case, can be defined by
integrating (49) over the fixed point sets of the Killing field ∂/∂χ
J. Kunz et al. / Nuclear Physics B 874 (2013) 773–791 787MBi =
L
16πG5
∫
Bi
iξ  dκ = L4G5 lBi . (60)
Explicit calculation gives that it is again proportional to the length of the rod representing the
bubble lBi , leading to4
MB1 =
L
4G5
(σ − σ1), MB2 =
L
4G5
(R − σ2 − σ1). (61)
To avoid confusion we should note that the parameters M1 and M2 described as the intrinsic
masses of the black holes in the double Reissner–Nordström seed solution are not defined purely
by a Komar integral, so they do not correspond directly to (59). They include in addition an
electromagnetic term such as
Mi = − 18π
∫
Hi
dξ + 1
2
ΨiQi = σi + 12ΨiQi, (62)
where Qi are the local charges of the black holes and Ψi are the restrictions of the electromag-
netic potential for the seed solution on the horizons. These relations correspond to the Smarr
relations in the four-dimensional seed solution [35].
The local mass of each black hole (59) can be also expressed in terms of the corresponding
horizon area AHi and surface gravity kHi , or equivalently by the black hole temperature THi
MHi =
1
4πG5
AHi kHi =
1
2G5
THiAHi . (63)
The areas of the black hole horizons can be computed by using the expressions for the cor-
responding horizon area for the four-dimensional seed solution. More precisely, for the double
Reissner–Nordström solution the area of each horizon can be expressed as [35]:
A
(4)
Hi
= 4πσi
(
ρf˜ −1eμ˜
)∣∣
Hi
, (64)
where the quantities (ρf˜ −1eμ˜)|Hi are given by (19). Consequently, the area of each black hole
horizon for the five-dimensional solutions discussed in Section 3 can be written as
AHi = 4πσiL
[(
ρf˜ −1eμ˜
)∣∣
Hi
] 3
4
((
ρ
1
2 e2γ−2h
)∣∣
Hi
) 1
2 . (65)
As already mentioned, the metric function e2h−2γ possesses the following expansion near each
black hole horizon
e2h−2γ
∣∣
Hi
= (pi)2√ρ +O(ρ), (66)
where the constants pi are given by (18) for the double-black hole on the KK bubble, and by
(31) for the black Saturn on KK bubbles. Hence one finds the particularly simple expressions
AH1 = 4πL
( [(R + M1 + M2)(M1 + σ1) − Q1(Q1 + Q2)]3
(R + σ1)2 − σ 22
) 1
2
,
AH2 = 4πL
( [(R + M1 + M2)(M2 + σ2) − Q2(Q1 + Q2)]3
(R + σ2)2 − σ 21
) 1
2
, (67)
4 The double-black hole solution presented in Section 3.1 contains only a single bubble with mass given byMB .2
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Saturn on KK bubbles one finds instead
AH1 = 4
√
2πLσ
1
2
1
[(R + M1 + M2)(M1 + σ1) − Q1(Q1 + Q2)] 32
(R + σ1)2 − σ 22
[
(R + σ)2 − σ 22
σ1 + σ
] 1
2
,
AH2 = 4πL
[(R + M1 + M2)(M2 + σ2) − Q2(Q1 + Q2)] 32
(R + σ2)2 − σ 21
× (R + σ2 + σ) 12 (R + σ2 − σ1) 12 .
The area formulae (65) will receive modifications in the case of the black Saturn solution on
the Taub-bolt instanton. The relevant expression is given by
AHi = 4πσiLA
[(
ρf˜−1eμ˜
)∣∣
Hi
] 3
4
((
ρ
1
2 e2γ−2h
)∣∣
Hi
) 1
2 ,
= 4πσiLA
pi
[(
ρf˜−1eμ˜
)∣∣
Hi
] 3
4 , (68)
where Σ |ρ=0 = A =
√
1 + C2 and the metric function e2h−2γ is determined again by the follow-
ing expansion near the black hole horizons
e2h−2γ
∣∣
Hi
= (pi)2√ρ +O(ρ). (69)
Using the expressions for the constants pi (31) we obtain the horizon areas for the black Saturn
on Taub-bolt instanton in the form
AH1 = 4
√
2πLAσ
1
2
1
[(R + M1 + M2)(M1 + σ1) − Q1(Q1 + Q2)] 32
(R + σ1)2 − σ 22
[
(R + σ)2 − σ 22
σ1 + σ
] 1
2
,
AH2 = 4πLA
[(R + M1 + M2)(M2 + σ2) − Q2(Q1 + Q2)] 32
(R + σ2)2 − σ 21
× (R + σ2 + σ) 12 (R + σ2 − σ1) 12 .
The thermodynamical characteristics of the solutions which we discussed are not independent
since they are connected by a set of geometrical identities knows as Smarr-like relations for the
mass and the tension. The general form of these laws for five-dimensional charged static solutions
representing configurations of black holes and KK bubbles was derived in [22]
MADM =
∑
i
MHi +
∑
j
MBj +
∑
i
ΦHiQHi ,
T L = 1
2
∑
i
MHi + 2
∑
j
MBj , (70)
where MHi and MBj are the local masses of the black holes and the bubbles (59)–(60), QHi are
the charges of the black holes and ΦHi are the restrictions of the electromagnetic potential on the
horizons. It is easy to prove that the obtained physical quantities for the double-black holes on
KK bubbles, and the black Saturn on KK bubbles satisfy (70). The Smarr-like relations for the
mass and the tension are modified in the case when the solution’s asymptotic structure is only
locally Kaluza–Klein (M4 × S1), but globally the spatial cross-sections at infinity represent a
more general fibre bundle. In this case the relevant relations were derived in [31]
J. Kunz et al. / Nuclear Physics B 874 (2013) 773–791 789MADM =
∑
i
MHi +
∑
j
MBj +
L
2
NχˆH +
∑
i
ΦHiQHi ,
T L = 1
2
∑
i
MHi + 2
∑
j
MBj + LNχˆH , (71)
and they contain an additional term including the NUT charge of the solution N and the restric-
tion of the NUT potential on the horizons χˆH . The NUT potential χˆ for static charged solutions
of the 5D Einstein–Maxwell equations is defined by the exact 1-form [31]
dχˆ = iξ ik  dk, (72)
where ξ is the asymptotically timelike Killing field, and k is the Killing field associated with the
compact dimension. It is constant on the horizons and the bolts, and for continuity reasons its
values on both surfaces should coincide. The NUT potential for the black Saturn on the Taub-bolt
instanton can be calculated by integrating (72) on one of the semi-infinite rods z < a5 or z > a1.
It is convenient to choose the integration constant so that the NUT potential vanishes at infinity,
and thus we obtain
χˆ = AC(1 − e
4h)
A2 − C2e4h , (73)
where the metric function h is defined by (22). Consequently, the restriction of the NUT potential
on the horizons is equal to χˆH = C/A. Taking into account that the NUT charge of the solution
is N = AC
G5
(R + σ − σ1), and using the expressions for the other physical characteristics which
we obtained, it can be proved that (71) are satisfied. The Smarr-like relations for the mass and
the tension can be also combined into a single relation, which coincides for all the solutions we
investigated
2M− T L = 3
2
∑
i
MHi + 2
∑
i
ΦHiQHi . (74)
6. Conclusions
As a general feature, in four and five dimensions, static solutions describing multi-horizon
objects are plagued by unavoidable conical singularities. From a physical point of view, the
presence of these conical singularities is to be expected since they are needed to balance the
gravitational and electromagnetic interaction forces between the black holes, in order to keep
the systems static. On the other hand, even if the solutions containing conical singularities ap-
pear to be singular at those points, such systems can still have a well-defined gravitational action
[44–47]. This means that such multi-black hole solutions with conical singularities might still ad-
mit a reasonable and well-defined thermodynamic description. For spaces with KK asymptotics,
this has been explicitly checked in [48].
Previous works [32,33,29,48] showed that in the absence of rotation the electromagnetic in-
teraction is not strong enough to balance the gravitational attraction between the black holes and
the conical singularities cannot be avoided. The solutions we constructed in this paper involve
black holes on KK bubbles of nothing. These KK bubbles are all static and have positive mass.
The role of the KK bubble of nothing in between the black holes is to equilibrate and balance
the interaction forces among black holes and keep the system static and in equilibrium. This
was initially noted in [15,17] for the vacuum case. In our work we extended the previous results
790 J. Kunz et al. / Nuclear Physics B 874 (2013) 773–791in [22] to show that the balance can be kept in the most general solution describing two charged
black holes on a KK bubble. We also constructed a new solution describing a static and charged
black Saturn on KK bubbles and showed that this system can be equilibrated as well, since all the
conical singularities can be eliminated. Finally, we extended our considerations to black holes on
the Taub-bolt instanton, which is a generalization of the Kaluza–Klein bubble with a nontrivial
NUT charge. Previous work [26] showed that the double-black hole on the Taub-bolt instanton
can be equilibrated, even if the black holes are non-extremal. Similarly, the static black ring on
the Taub-bolt instanton can be balanced even in the vacuum case [27]. One should then expect
that the static and charged black Saturn solution can be constructed on this background and by
carefully choosing the parameters it can be rendered regular on and outside the black hole hori-
zons. Indeed, in our work we derived this general solution and showed that in some cases it can
become regular and the conical singularities can be completely eliminated. Since the rod struc-
ture of the Taub-bolt instanton contains a finite spacelike rod, corresponding to a generalized
KK bubble, one should note that the fact that these black hole systems could be equilibrated was
to be expected, given the previous experience with black holes on the usual KK bubbles. More
general systems could also be considered on these KK backgrounds, such as the charged double-
black rings, or multi-black holes on the Kerr instanton, however, we leave the discussion of these
solutions for further work.
Finally, let us note that while the charged black hole systems on KK bubbles can be mechan-
ically equilibrated (in absence of the conical singularities the gravitational and electromagnetic
forces in between the black holes can be balanced), we have not addressed so far the question
of thermodynamic equilibrium, when the two black holes have the same temperature. In general,
the Hawking temperatures can be the same for each black hole horizon if one takes the trivial
case of equal masses and charges M1 = M2 and Q1 = Q2. However, the non-extremal charged
black holes can have the same temperature even if the black holes are not equal. To see this more
clearly, we shall provide one simple example that this is indeed possible: take for instance in the
solution given in Section 3.1 the following values of the parameters M1 = M2 = 1, Q2 = 0 while
Q1 =
√
3(R+2)
2R+1 and finally R = 10. Then σ1 = 37 while σ2 = 1. It is now clear that R > σ1 + σ2(which is the condition that the two black hole horizons do not overlap) and the Hawking tem-
peratures of the two black hole horizons in Eqs. (14) and (16) in Section 3.1 are equal, even if
the two black holes do not have the same characteristics.
Acknowledgements
P.N. would like to thank S. Yazadjiev for discussions, DFG Research Training Group 1620
Models of gravity for the support, and Oldenburg University for its kind hospitality. The par-
tial financial support by the Bulgarian National Science Fund under Grant DMU-03/6 is also
gratefully acknowledged. The work of C.S. was financially supported by POSDRU through the
POSDRU/89/1.5/S/49944 contract.
References
[1] E. Witten, Nucl. Phys. B 195 (1982) 481.
[2] O. Aharony, M. Fabinger, G.T. Horowitz, E. Silverstein, JHEP 0207 (2002) 007, arXiv:hep-th/0204158.
[3] V. Balasubramanian, K. Larjo, J. Simon, Class. Quant. Grav. 22 (2005) 4149, arXiv:hep-th/0502111.
[4] A.M. Ghezelbash, R.B. Mann, JHEP 0209 (2002) 045, arXiv:hep-th/0207123.
[5] D. Astefanesei, R.B. Mann, C. Stelea, JHEP 0601 (2006) 043, arXiv:hep-th/0508162.
[6] K. Copsey, JHEP 0712 (2007) 007, arXiv:hep-th/0610058.
J. Kunz et al. / Nuclear Physics B 874 (2013) 773–791 791[7] K. Copsey, JHEP 0710 (2007) 095, arXiv:0706.3677 [hep-th].
[8] G.T. Horowitz, JHEP 0508 (2005) 091, arXiv:hep-th/0506166.
[9] S. Stotyn, R.B. Mann, Phys. Lett. B 705 (2011) 269, arXiv:1105.1854 [hep-th].
[10] Y. Chen, E. Teo, Nucl. Phys. B 850 (2011) 253, arXiv:1011.6464 [hep-th].
[11] R. Emparan, H.S. Reall, Phys. Rev. D 65 (2002) 084025, arXiv:hep-th/0110258.
[12] T. Harmark, Phys. Rev. D 70 (2004) 124002, arXiv:hep-th/0408141.
[13] Y. Chen, E. Teo, Nucl. Phys. B 838 (2010) 207, arXiv:1004.2750 [gr-qc].
[14] G.T. Horowitz, K. Maeda, Class. Quant. Grav. 19 (2002) 5543, arXiv:hep-th/0207270.
[15] H. Elvang, G.T. Horowitz, Phys. Rev. D 67 (2003) 044015, arXiv:hep-th/0210303.
[16] H. Elvang, T. Harmark, N.A. Obers, JHEP 0501 (2005) 003, arXiv:hep-th/0407050.
[17] T. Harmark, V. Niarchos, N.A. Obers, Class. Quant. Grav. 24 (2007) R1, arXiv:hep-th/0701022.
[18] P.G. Nedkova, S.S. Yazadjiev, Phys. Rev. D 82 (2010) 044010, arXiv:1005.5051 [hep-th].
[19] R. Emparan, H.S. Reall, Phys. Rev. Lett. 88 (2002) 101101, arXiv:hep-th/0110260.
[20] H. Iguchi, T. Mishima, S. Tomizawa, Phys. Rev. D 76 (2007) 124019, arXiv:0705.2520 [hep-th];
H. Iguchi, T. Mishima, S. Tomizawa, Phys. Rev. D 78 (2008) 109903 (Erratum).
[21] S. Tomizawa, H. Iguchi, T. Mishima, Phys. Rev. D 78 (2008) 084001, arXiv:hep-th/0702207.
[22] J. Kunz, S. Yazadjiev, Phys. Rev. D 79 (2009) 024010, arXiv:0811.0730 [hep-th].
[23] S.S. Yazadjiev, P.G. Nedkova, JHEP 1001 (2010) 048, arXiv:0910.0938 [hep-th].
[24] S.S. Yazadjiev, P.G. Nedkova, Phys. Rev. D 80 (2009) 024005, arXiv:0904.3605 [hep-th].
[25] H. Elvang, P. Figueras, JHEP 0705 (2007) 050, arXiv:hep-th/0701035.
[26] C. Stelea, C. Dariescu, M.A. Dariescu, Phys. Rev. D 87 (2013) 024039, arXiv:1211.3154 [gr-qc].
[27] C. Stelea, M.C. Ghilea, Phys. Lett. B 719 (2013) 191, arXiv:1211.3725 [gr-qc].
[28] G.W. Gibbons, S.W. Hawking, Commun. Math. Phys. 66 (1979) 291.
[29] C. Stelea, K. Schleich, D. Witt, Phys. Rev. D 83 (2011) 084037, arXiv:0909.3835 [hep-th].
[30] S. Hollands, S. Yazadjiev, Commum. Math. Phys. 283 (2008) 749, arXiv:0707.2775 [gr-qc].
[31] P.G. Nedkova, S.S. Yazadjiev, Phys. Rev. D 84 (2011) 124040, arXiv:1109.2838 [hep-th].
[32] B. Chng, R. Mann, E. Radu, C. Stelea, JHEP 0812 (2008) 009, arXiv:0809.0154 [hep-th].
[33] C. Stelea, C. Dariescu, M.-A. Dariescu, Phys. Rev. D 84 (2011) 044009, arXiv:1107.3484 [gr-qc].
[34] V.S. Manko, Phys. Rev. D 76 (2007) 124032, arXiv:0710.2158 [gr-qc].
[35] V.S. Manko, E. Ruiz, J. Sanchez-Mondragon, Phys. Rev. D 79 (2009) 084024, arXiv:0811.2029 [gr-qc].
[36] D. Kastor, S. Ray, J. Traschen, Class. Quant. Grav. 25 (2008) 125004, arXiv:0803.2019 [hep-th].
[37] J.H. Traschen, D. Fox, Class. Quant. Grav. 21 (2004) 289, arXiv:gr-qc/0103106.
[38] J.H. Traschen, Class. Quant. Grav. 21 (2004) 1343, arXiv:hep-th/0308173.
[39] P. Townsend, M. Zamaklar, Class. Quant. Grav. 18 (2006) 5269, arXiv:hep-th/0511180.
[40] R.D. Sorkin, Phys. Rev. Lett. 51 (1983) 87.
[41] D.J. Gross, M.J. Perry, Nucl. Phys. B 226 (1983) 29.
[42] R.B. Mann, C. Stelea, Phys. Lett. B 634 (2006) 531, arXiv:hep-th/0511180.
[43] B. Kleihaus, J. Kunz, E. Radu, C. Stelea, JHEP 0909 (2009) 025, arXiv:0905.4716 [hep-th].
[44] G.W. Gibbons, M.J. Perry, Phys. Rev. D 22 (1980) 313.
[45] M.S. Costa, M.J. Perry, Nucl. Phys. B 591 (2000) 469, arXiv:hep-th/0008106.
[46] C. Herdeiro, E. Radu, C. Rebelo, Phys. Rev. D 81 (2010) 104031, arXiv:1004.3959 [gr-qc].
[47] C. Herdeiro, B. Kleihaus, J. Kunz, E. Radu, Phys. Rev. D 81 (2010) 064013, arXiv:0912.3386 [gr-qc].
[48] C. Stelea, K. Schleich, D. Witt, arXiv:1108.5145 [gr-qc].
